Abstract. This study investigated the effects of temperature on free vibrations and critical transport speeds of an axially moving multiscale composite plate. On the basis of the frequency-temperature equivalence principle, a linear mathematical model of the moving multiscale composite plate is derived in the complex frequency domain. Fractional standard rheological model of the plate material as the function of reduced frequency depended on the temperature is determined. In numerical investigations carbon nanotubes-and graphene-reinforced copper plate was taken into account.. To describe thermomechanical properties of the plate material, the investigation results obtained from the molecular dynamics studies and the experimental characteristic of beryllium copper in low temperatures presented in literature is taken into account.. The effects of temperature, transport speed, and internal damping on natural frequencies and critical transport speed are analyzed. The critical transport speeds of the graphene-reinforced multiscale composite are higher than both carbon nanotubes-reinforced composite as well as the comparable copper alloy.
Introduction
Axially moving composite objects can be found in many different technical applications. These include for example paper and textile webs during production and processing, conveyor belts, and flat objects moving at high speeds in space. Many factors influence the dynamic behavior of the moving object. The most important are: transport speed, tension, material properties and influence of external environment. Among the external factors affecting the dynamics, temperature plays an important role. Accurate identification of the temperature effect on the dynamics of the axially moving plant is important to properly control these devices. A literature review on dynamics of axially moving systems can be found, for example, in the study [1] .
Studies in the field of dynamics of stationary composites are carried out for a long time. At the turn of the centuries composite materials began to appear particularly in the aerospace, maritime and space industries because they offer a number of advantageous mechanical properties., These properties include resistance to electrochemical corrosion, high strength and rigidity with less weight than conventional materials. The state of researches in the dynamics of laminated composite and sandwich plates in the paper [2] is presented.
In recent years, considerable research effort has been devoted to multiscale composites: carbon nanotubes (CNTs) and graphene-reinforced materials. Carbon nanotubes are very good reinforcement because of their unique mechanical properties and large surface area per unit volume. Experimental studies show that CNTs have Young's modulus greater than the graphite fibers, and strengths at least an order of magnitude higher than typical graphite fibers. Graphene attracted considerable interest because of its extraordinary mechanical, electronic and thermal properties. Experimental studies have shown that the single-layer graphene can present exceptional thermal conductivity which outperforms all other known materials.
For recent several years, graphene and CNTs have been used as reinforcement for polymeric composites because of their relative ease of processing. However, in recent times there has been increased interest in using matrices such as metals, semiconductors, and ceramics in addition to that of polymers. This study deals with metal matrix multiscale composites (MMMCs). Copper has been used as the metal matrix. MMMCs have less weight and higher strength in comparison to the conventional metals and alloys. MMMCs also have lower coefficient of friction and better resistance to wear and corrosion. Therefore these can be used in a variety of engineering applications such as automobile and aerospace industries. The state of research on mechanical and tribological properties of MMMCs in the paper [3] is presented.
The objective of this study is vibration analysis of the axially moving multiscale composite plate taking into account thermal effects. To describe thermomechanical properties of the plate material, properties of multiscale reinforced stationary composites presented in literature are taken into account. Fractional standard rheological model of the plate material as the function of reduced frequency depended on the temperature is taken into considerations. The effects of temperature, transport speed, and internal damping on natural frequencies and critical transport speed are analyzed.
Factional standard rheological model
The basis dependence of linear viscoelasticity, that the stress function is linearly dependent on the past history of the strain function, is expressed by Boltzmann's superposition principle in the form
where: σ(t) -stress function, ε(t) -strain function, r(t) -relaxation function. From the mathematical point of view Eq. (1) is a convolution of functions, thus using Laplace transformation one can find equivalent of Eq. (1) in the complex frequency domain
where: R(ω) -transform of relaxation function in the frequency domain. On the base of Eq. (2) one can solve viscoelasticity problems as elasticity problems using a complex modules of relaxation function which depends on frequency. Eq. (2) defines the elastic -viscoelastic equivalence principle.
Most often in studies of dynamics of viscoelastic systems to determine the complex moduli the fractional model is used [4] . To model the behavior of the moving plate under thermal loading the fractional standard rheological model was used in this paper, whereas the hydroelastic behavior was considered as elastic
The constitutive equation of the fractional standard rheological model 
In the free vibration problem the stress and strain functions can be expressed as
In accordance with the frequency-temperature equivalence principle, the frequency ω can be replaced by the reduced frequency ωα(T) depended on the temperature. Substituting Eqs (6) into the constitutive equation (5) one receives the Young's modulus in the frequency domain
On the base of eq. (7) Fig.1 shows the shift of the storage Young modulus for different four temperatures in the frequency domain. The highest curve corresponds to the lowest temperature T1 and vice versa the lowest curve corresponds to the highest temperature T4. 
Mathematical model of the plate
A thin multiscale composite plate of the length l, the width b and the thickness h is considered. The plate moves along the longitudinal direction x at the constant velocity c. The co-ordinate system and the geometry are shown in Fig. 2 .
The partial differential equation resulting from the Hamilton's principle for a transverse motion of the twodimensional axially moving plate was derived in the book [5] and has the following form: Operating range where: η -orthotropy coefficient,
In the free vibration problem, the transverse displacement can be defined as:
Substituting Eqs (11) into governing Eq. (9), one receives a differential equation of equilibrium states of the moving plate in the frequency domain: where: C11, C12, ..... C34 -constants, which are determined from boundary conditions (17). Fig. 3 shows the plots of z11, z12, z21 and z22 equilibrium states of the moving composite plate. To determine coefficients ψn which describe non-trivial equilibrium positions, Eqs (25) -(27) are substituted into boundary conditions (17). The critical transport speed is the lowest transport speed at which the non-trivial equilibrium positions exist.
Investigation results
To describe thermomechanical properties of the plate material, the investigation results obtained from the molecular dynamics studies presented in literature are taken into account. Thermomechanical properties of the multiscale materials presented in the study [6] are shown in Tab.1 and 2. The single-layer graphene sheets (SLGS) and carbon nanotubes were appled as nanofillers in copper matrix in this studies. The Young's and Kirchhoff's moduli are summarized in Table 1 along with the analogical results of pure Cu. Table 2 lists the Young's modulus in the axial direction of these multiscale composites at different temperatures along with the results of pure Cu for comparison. Numerical investigations of free vibrations were carried out the axially moving multiscale copper plate shown in Fig.2 . The plate is tensioned with the constant longitudinal load Nx0. Parameters of the moving plate are presented in Table 3 . 
Identification of the fractional model
To identify the parameters of the fractional rheological model of the plate material, analysis of dynamics of the beam model of this structure was carried out [5] . Fig.4 shows the plot of the lowest natural frequencies of the beam model of the pure copper plate vs transport speed in the ambient temperature. On the base of these results the first natural frequency of the stationary beam model ω10 was treated as the frequency coordinate of the operating point on the storage Young's modulus plot in the ambient temperature. The low-and high-frequency asymptotes of this plot constitute the values of the Young's moduli from the molecular dynamic study for 500 K and 1 K, respectively. The frequency characteristic in the ambient temperature with different slop was carried out by the operating point. Fig.5 shows the characteristic of the pure copper plate for the slop β = 0.03. The temperature dependent the reduced frequency factor in the fractional model of the plate material was determined by the Willims-Ferre-Lendel method using the formula (28) where: c1 and c2-experimental constants, T -measuring temperature, T0 -reference temperature.
However, in the literature very limited information on the temperature characteristics of the multiscale composites can be found. To determine the values of the experimental constants C1 and C2 in equations (28) the experimental characteristic of beryllium copper from the references [7] was used (Fig.6.) . Fig. 6 . The plot of the Young's modulus vs temperature for beryllium copper [7] To determine the values of experimental constants for multiscale copper composites the same experimental characteristic of the copper alloy in low temperatures was taken into consideration. Fig.7 shows the graphs of the decimal logarithm of the determinant of the matrix Q received from boundary conditions versus the frequency value for the three lowest modes. The local minima on the curves in Fig.7 determine the natural frequencies of vibrations. The critical transport speed of the plate corresponds to the speed at which the lowest natural frequency vanishes. In numerical investigations the transport speed at which the lowest natural frequency equals 0.01 has been treated as the critical speed. Fig. 8 illustrates the procedure of determining the critical transport speed of the copper plate. Results of numerical investigation in Fig.9 show effect of temperature on the lowest non-trivial equilibrium positions of three successive modes for the pure copper plate. The lowest solid curve presents the plot of the critical transport speed versus temperature. The plot of the critical transport speed for the pure copper plate is also visible in Fig.10 . This is comparison of investigation results of critical speeds for both multiscale plates, beryllium copper and copper plates. investigated temperature range. The plots in Fig. 10 show that critical transport speeds of all investigated plates decrease with increasing temperature. In the considered temperature range, the critical speeds of the graphene-reinforced composite are higher than the others. Figures 11, 12 and 13 show effect of temperature and the slope of the frequency characteristics on the critical speeds. 
Results of numerical investigations

Conclusions
Although recently big research effort has been devoted to multiscale composites, there is still a need to know the dynamics of these structures. Dynamics of the axially moving multiscale composite plate subjected to thermal load is analyzed in this study. To describe thermomechanical properties of the plate material, properties of multiscale stationary composites presented in the literature are taken into account. Fractional standard rheological model of the plate material as the function of reduced frequency depended on the temperature is determined. On the base of the Hamilton's principle for the transverse motion the equation of equilibrium states of the plate in the frequency domain is derived.
Research plants were CNT-reinforced and graphenereinforced metal composites with copper matrix. In the literature very limited information on the temperature characteristics of these composites can be found. Therefore, to determine the temperature-depended reduced frequency in the fractional rheological model, the experimental characteristic of beryllium copper in low temperatures was used.
The free vibrations of multiscale composite plates are analyzed. Critical transport speeds of both multiscale composites decrease with increasing temperature. In the examined temperature range, the critical transport speeds of the graphene-reinforced composite are higher than both the CNT-reinforced composite as well as the comparable copper alloy. Increasing the slope of the frequency characteristics of all composites results in an increase of the critical transport speeds in low temperatures and a lower reducing the critical transport speed in the high temperature range. 
